AP® CALCULUS AB
2012 SCORING GUIDELINES

Question 1

t (minutes) 0 4 9 15 20
W(t) (degrees Fahrenheit) | 55.0 | 57.1 | 61.8 | 679 | 71.0

The temperature of water in a tub at time ¢ is modeled by a strictly increasing, twice-differentiable function W,
where W (¢) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of
the water is 55°F. The water is heated for 30 minutes, beginning at time ¢ = 0. Values of W (¢) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate #’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.

20 20
(b) Use the data in the table to evaluate J.o W’(t) dt. Using correct units, interpret the meaning of Io W'(t) dt

in the context of this problem.

20
¢) For 0 <t < 20, the average temperature of the water in the tub is €L W (t) dt. Use a left Riemann sum
ge termp 20 Jo

. , 20 .
with the four subintervals indicated by the data in the table to approximate 21—0 0 W(t) dt. Does this
approximation overestimate or underestimate the average temperature of the water over these 20 minutes?

Explain your reasoning.

(d) For 20 < ¢ < 25, the function W that models the water temperature has first derivative given by
W'(t) = 0.4Vt cos(0.06¢). Based on the model, what is the temperature of the water at time ¢ = 25 ?

(@) W(12) = W(115; - SV(9) _ 679 = 61.8 N

=1.017 (or 1.016)

The water temperature is increasing at a rate of approximately
1.017 °F per minute at time ¢ = 12 minutes.

{ 1 : estimate
1 : interpretation with units

(b) jjOW’(t) dt = W(20) — W (0) = 71.0 - 55.0 = 16 ) { 1 : value

The water has warmed by 16 °F over the interval from ¢ = 0 to 1 : interpretation with units

t = 20 minutes.
20
©) %ojo W) dt = 2i0(4 W(0)+5-W(4) +6-W(9) +5-W(15)) 1 : left Riemann sum

1 3: 4 1:approximation
= %(4-55.0 +5-57.1+6-61.84+5-67.9)

_ 1 -
=30 1215.8 = 60.79
This approximation is an underestimate, because a left Riemann

sum is used and the function W is strictly increasing.

1 : underestimate with reason

25
d) W(25)=710+ LO W'(t) dt

{ 1 : integral
= 71.0 + 2.043155 = 73.043

1 : answer
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t (minutes) 0 4 9 15 20
W(r) (degrees Fahrenheit) | 550 | 57.1 | 61.8 | 67.9 | 71.0

1. The temperature of water in a tub at time 7 is modeled by a strictly increasing, twice-differentiable function W,
where W(z) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, beginning at time 7 = 0. Values of W(¢) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problern.
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(b) Use the data in the table to evaluate jo W’(t) dt. Using correct units, interpret the meaning of I W'(t) dt

e

in the context of this problem. T
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20

(¢) For 0 <t < 20, the average temperature of the water in the tub is ?10— . W(t) dt. Use aleft Riemann sum

20
with the four subintervals indicated by the data in the table to approximate 1 0 W(z) dr. Does this

20

approximation overestimate or underestimate the average temperature of the water over these 20 minutes?
Explain your reasoning.
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(d) For 20 <t < 25, the function W that models the water temperature has first derivative given by
W’(t) = 0.4v1 cos(0.06). Based on the model, what is the temperature of the water at time ¢ = 25 ?

YW = We - W) 2,043
w0 W - 1o = 2045

p

wr) {'1&\0‘\31 "FX
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¢ (minutes) 0 4 9 15 20
W(t) (degrees Fahrenheit) | 550 | 57.1 | 61.8 | 679 | 71.0

1. The temperature of water in a tub at time ¢ is modeled by a strictly increasing, twice-differentiable fanction W,
where W(z) is measured in degrees Fahrenheit and ¢ is measured in minutes. Attime ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, beginning at time # = 0. Values of W(r) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W'(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.

w’[m): &g@*@: MX A

=7 21016 °F_

1 (ﬂ & 016 M in

At Fime t= [;1/ the water s Bcinjlneo.{ecﬁ at a rate
of (.DlLeF

miA.,

20 20
(b) Use the data in the table to evaluate Jo W'(t) dt. Using correct units, interpret the meaning of Jo W'(t) dt

in the context of this problem.

fowdat = (faw)- wo)

T 710 = 55,0= 10,0 degrees Fahrenke it

‘;Dw{{f)d{' I‘ZPWSUJ')LS “Hi\.ﬁ Chana& in watepr ‘(’erpc,szurg
in d(jrét& Fal\_ren\u‘\“’ Leom Aime 4=0 4o 4=20
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20
(c) For 0 <t £ 20, the average temperature of the water in the tub is 516 J.o W(r) dr. Use aleft Riemann sum

20

with the four subintervals indicated by the data in the table to approximate 516 0 W(r) dt. Does this

approximation overestimate or underestimate the average temperature of the water over these 20 minutes?

Explain your reasoning.
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(d) For 20 <7 < 25, the function W that models the water temperature has first derivative given by
W’(r) = 0.4+ cos(0.067). Based on the model, what is the temperature of the water at time ¢ = 25 ?
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t (minutes) 0 4 9 15 20
W(r) (degrees Fahrenheit) | 55.0 | 57.1 | 61.8 | 679 | 71.0

1. The temperature of water in a tub at time ¢ is inodeled by a strictly increasing, twice-differentiable function W,
where W(t) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, beginning at time ¢ = 0. Values of W(z) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.
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(b) Use the data in the table to evaluate jo W’(t) dt. Using correct units, interpret the meaning of J.o W'(z) dt

in the context of this problem.
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(c) For 0 <t <20, the average temperature of the water in the tub is % J 1540 di& Use al iemann sum

20
[\\ with the four submt;rvals indicated by the data in the table to approximate Jo W(t) dt. Does this

approxxmatlon erestlmate or underestlmate the average temperature of the water over these 20 minutes?
N Explain your asoning.
Q
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(d) For 20 <t <25, the function W that models the water temperature has first derivative given by
W’(f) = 0.4Vt cos(0.06t). Based on the model, what is the temperature of the water at time ¢ = 25 ?
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AP® CALCULUS AB
2012 SCORING COMMENTARY

Question 1
Overview

This problem involved a function W that models the temperature, in degrees Fahrenheit, of water in a tub. Values
of W(t) at selected times between ¢ = 0 and ¢ = 20 minutes are given in a table. Part (a) asked students for an

approximation to the derivative of the function W at time ¢ = 12 and for an interpretation of the answer. Students
should have recognized this derivative as the rate at which the temperature of the water in the tub is increasing at
time ¢ = 12, in degrees Fahrenheit per minute. Because ¢ = 12 falls between the values presented in the table,
students should have constructed a difference quotient using the temperature values across the smallest time
interval containing ¢ = 12 that is supported by the table. Part (b) asked students to evaluate the definite integral

20
.[0 W'(t) dt and to interpret the meaning of this definite integral. Students should have applied the Fundamental

Theorem of Calculus and used values from the table to compute W (20) — W(0). Students should have recognized

this as the total change in the temperature of the water, in degrees Fahrenheit, over the 20-minute time interval. In
part (c) students were given the expression for computing the average temperature of the water over the 20-minute
time period and were asked to use a left Riemann sum with the four intervals given by the table to obtain a
numerical approximation for this value. Students were asked whether this approximation overestimates or
underestimates the actual average temperature. Students should have recognized that for a strictly increasing
function, the left Riemann sum will underestimate the true value of a definite integral. In

part (d) students were given the symbolic first derivative #W’(¢) of the function # that models the temperature

of the water over the interval 20 < ¢ < 25, and were asked to use this expression to determine the temperature
of the water at time ¢ = 25. This temperature is computed using the expression

25
W(25)=w(20)+ .[20 W’(t) dt, where W(20) = 71 is given in the table.

Sample: 1A
Score: 9

The student earned all 9 points.

Sample: 1B
Score: 6

The student earned 6 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and no points in part (d).
In parts (a) and (b) the student’s work is correct. In part (¢) the student earned the left Riemann sum and
approximation points. The student does not give a correct reason for “underestimates,” so the last point in part (¢)
was not earned. In part (d) the student’s work is incorrect.

Sample: 1C
Score: 3

The student earned 3 points: no points in part (a), 1 point in part (b), 2 points in part (c), and no points in part (d).
In parts (a) and (d) the student’s work is incorrect. In part (b) the student earned the value point. In part (c) the
student earned the left Riemann sum and approximation points. The student does not give a correct reason for
“underestimates,” so the last point in part (c) was not earned.

© 2012 The College Board.
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2012 SCORING GUIDELINES

Question 2

Let R be the region in the first quadrant bounded by y
the x-axis and the graphs of y =Inx and y =5 — x,

as shown in the figure above.
(a) Find the area of R.

(b) Region R is the base of a solid. For the solid,
each cross section perpendicular to the x-axis is

a square. Write, but do not evaluate, an 0
expression involving one or more integrals that
gives the volume of the solid.

(c) The horizontal line y = k divides R into two regions of equal area. Write, but do not solve, an equation
involving one or more integrals whose solution gives the value of k.

Inx=5-x = x=3.69344

Therefore, the graphs of ¥ = In x and y =5 — x intersect in
the first quadrant at the point (4, B) = (3.69344, 1.30656).

(a) Area = IOB(S -y- ey) dy
= 2.986 (or 2.985)

OR

4 5
Area = _[1 In x dx + L(S —x)dx
= 2.986 (or 2.985)

(b) Volume = LA(ln x)2 dx + Jj(S - x)2 dx

© jok(s —y—e)dy = % -2.986 (or % 2.985)

© 2012 The College Board.

3:

1 : integrand
1 : limits
1 : answer

2 : integrands
1 : expression for total volume

1 : integrand
1 : limits
1 : equation
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T
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0
2. Let R be the region in the first quadrant bounded by the x-axis and the graphs of y =Inx and y =5 — x, as
shown in the figure above. ed - X X=5_ \\j
(a) Find the area of R.
1.%07

A= (5-y-ef)dy
0

- a4y o

e e
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AP® CALCULUS AB
2012 SCORING COMMENTARY

Question 2
Overview

Students were given the graph of a region R bounded below by the x-axis, on the left by the graph of y = In x,
and on the right by the graph of the line y = 5 — x. In part (a) students were asked to find the area of R. This

required an appropriate integral setup and evaluation. Students first needed to determine the intersection point,
(A4, B), of the two curves. The area could then be computed by solving each expression for x in terms of y and

evaluating a single integral with respect to y. Alternatively, the area could be computed by evaluating a sum of

B
two integrals with respect to x. In the first case, students would evaluate _[0 (5 —y-e ) dy and in the second

4 5
case, L In x dx + JA(S — x) dx. Part (b) asked for an expression involving one or more integrals that gives the

volume of a solid whose base is the region R and whose cross sections perpendicular to the x-axis are squares.

Students should have found the cross-sectional area function in terms of x, which is (In x)2 on the interval

1<x< 4 and (5- x)2 on the interval 4 < x < 5. These expressions are used as the integrands for two definite

integrals with the corresponding endpoints, whose sum provides the desired expression. Part (¢) asked for an
equation involving one or more integrals whose solution gives the value £ for which the line y = & divides the

region R into two smaller regions of equal area. Students should have first rewritten the equations for the curves

k
as functions of x in terms of y. Two common solutions were setting the definite integral J.o (5 —y-e ) dy equal

. k B
to half the value of the area computed in part (a), and Io (5 —y-ée ) dy = jk (5 —y—e ) dy.

Sample: 2A
Score: 9

The student earned all 9 points.

Sample: 2B
Score: 6

The student earned 6 points: 3 points in part (a), 3 points in part (b), and no points in part (c). In part (a) the
student’s work is correct. The student works in terms of x in part (a) and correctly sums the two integrals for the
area of R. In part (b) the student’s work is correct. In part (c) the variable k£ (or an expression involving k) must
be included in the limits of the integrals in order to be eligible for points.

Sample: 2C
Score: 3

The student earned 3 points: 3 points in part (a), no points in part (b), and no points in part (¢). In part (a) the
student’s work is correct. In part (b) the student is not working with the correct cross section. In part (c) the
variable k (or an expression involving k) must be included in the limits of the integrals in order to be eligible for
points.

© 2012 The College Board.
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Question 3

Let f be the continuous function defined on [—4, 3]

whose graph, consisting of three line segments and a
semicircle centered at the origin, is given above. Let g

be the function given by g(x) = J.lx f(2) dt.

(a)
(b)

(c)

Find the values of g(2) and g(-2).
For each of g’(-3) and g”(-3), find the value or
state that it does not exist.

Find the x-coordinate of each point at which the
graph of g has a horizontal tangent line. For each

(3,-1)

Graph of f

of these points, determine whether g has a relative minimum, relative maximum, or neither a minimum nor

a maximum at the point. Justify your answers.

(d) For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your
reasoning.
- __Lp(Lyz=-L :
@ 22)=] rod=-30(3)=-4 2:{1.g(2>
) 1 l: g(_z)
g(-2)=[ " f@eydi==[ f(t)ydi
- _(é _ z) _r_3
2 2 2 2
b) g(x)=f(x) = g(3)=/(-3)=2 5. { 1:g'(=3)
g'(x)=f1(x) = g"(=3)=/(-3)=1 1:g"(-3)
(¢) The graph of g has a horizontal tangent line where 1 : considers g’(x) = 0
g’'(x) = f(x) =0. This occurs at x = —1 and x = 1. 3:¢1l:x=-landx =1
1 : answers with justifications
g’(x) changes sign from positive to negative at x = —1.
Therefore, g has a relative maximum at x = —1.
g’(x) does not change sign at x = 1. Therefore, g has
neither a relative maximum nor a relative minimum at x = 1.
(d) The graph of g has a point of inflection at each of 1 : answer

x=-2, x=0, and x =1 because g”(x) = f’(x) changes
sign at each of these values.

© 2012 The College Board.
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(1,0)

(3$_1)

Graph of f
3. Let f be the continuous function defined on [-4, 3] whose graph, consisting of three line segments and a
semicircle centered at the origin, is given above. Let g be the function given by g(x) = J.: £(¢) de.

(a) Find the values of g(2) and g(-2).
ﬁcﬂ = S’"{— (D At

(DN

(- -2) = g {/C’C\dt
A D) = 3 = (5(DEY)
R = =2 |

(b) For each of g’(-3) and g”(-3), find the value or state that it does not exist.
0 L) =00
\g(-=3 )

g“(x\ =£00)

Unauthorized copying or reuse of Continue problem 3 on page 15.
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(c) Find the x-coordinate of each point at which the graph of g has a horizontal tangent line. For each of these
points, determine whether g has a relative minimum, relative maximum, or neither a minimum nor a
maximum at the point. Justify your answers.

a\0) = £0X) =0 -
LT

has o relafive moximuwm becousé

: =-\
A n ﬁcS\Jr‘vf Fo Ywac‘} <

g' () =4 D chonges e

M’ v =\ Was peirher heleuds< 6(0 = §00) GUES

nor chongt S qn

(d) For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your
reasoning.

Céj has inflechion point s wheve o}“(ﬂ €100
(;\ﬂouwdﬁg S\%ﬂ Ths oCCws ot X= -2 .0 ||

"I9pIOg ST} PUOAQ 93IM J0U O
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F (3v —1)
Graph of f
3. Let f be the continuous function defined on [-4, 3] whose graph, consisting of three line segments and a

semicircle centered at the origin, is given above. Let g be the function given by g(x) = J.;r f(t) at.

(a) Find the values of g(2) and g(-2).

>( \
pﬁ/bﬁ %(X\ g () o %(Q\ :")(_247(6% At
7 /L p‘:,’% P):“ri
B @(2\: g) T dk _( x%} ) Z
ke o
; 4= < \
Y

V- 2 -2 4V =
(A | - -
\
, AT o MV
. \qj(zu 5

MT

(b) For each of g’(-3) and g”(-3), find the value or state that it does not exist.

= A )y = (X %"(\c\t v
yaxd

- _,2_—‘,‘! 0}/—3\52 'FT('%\ ajﬂ(\g\}: ":v/~%\)

Z ) e o

— )
PN | A7 -~ i n/_2Y) ~ < \
(-3 N U A2
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(¢) Find the x-coordinate of each point at which the graph of g has a horizontal tangent line. For each of these
points, determine whether g has a relative minimum, relative maximum, or neither a minimum nor a
maximum at the point. Justify your answers.

q'(x)=0 & hpriZDATRL HANGNT ling

o'¥): S(x)=o

1l

L - - 3 v b MG,
a4+ X=-1, *rare W A

£ dnonges Hoen ¥Ao -

a+ Y=, Arere S eidner G DAASEINLINA Aer

- eMmaing
w weCause The adope ven

B e b

A e\ AL MW
neg Ve

(d) For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your
reasoning. )
@“(@ T FYX) _
g will have & 201 where Fhe slwpe i £ change/ g

T
ot X:-Z/X:O,X:lj

2

cvAnvAn avem v Lan Anvvas
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Do not write beyond this border.

Graph of f

3. Let f be the continuous function defined on [-4, 3] ‘whose graph, consisting of three line segments and a

semicircle centered at the origin, is given above. Let g be the function given by g(x) = Lx f(1) dr.

(2) Find the values of g(2) and g(-2). (i) ‘(XS - -g-(x\)

I _x: "‘ ,,.:“.-« \/-oLn -
%\Q AR IR AR 4
JEDF s - ok
2

(b) For each of g’(-3) and g”(-3), find the value or state that it does not exist.

o' ()= £
0'@=r®) = 1

g =4 )
G5 =% )= |
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(c) Find the x-coordinate of each point at which the graph of g has a horizontal tangent line. For each of these
points, determine whether g has a relative minimum, relative maximum, or neither a minjmum nor a
maximum at the point. Justify your answers. '

G0 G0 :
g‘b&):%q-g 05 Xz

e VQ\i\\ o Y=\ S O Mty peiiast

e araph oF m,\){c) ()  Avansines fiom
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Q% O mbxun .

(d) For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your
reasoning.

9" (0=£'0x)

Toare 35 @ panr F ntlgenon o 1%
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AP® CALCULUS AB
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Question 3
Overview

This problem described a function f that is defined and continuous on the interval [—4, 3]. The graph of f on
[—4, 3] is given and consists of three line segments and a semicircle. The function g is defined by

X 2
g(x) = L f(t) dt. Part (a) asked for the values of g(2) and g(-2). These values are given by L f(t) dt and

-2
L f(t) dt, respectively, and are computed using geometry and a property of definite integrals. Part (b) asked for

the values of g’(—3) and g”(-3), provided they exist. Students should have applied the Fundamental Theorem
of Calculus to determine that g’(-3) = f(-3) and g”(-3) = f’(-3). Students should have used the graph
provided to determine the value of f and the slope of f at the point where x = —3. Part (¢) asked for the x-
coordinate of each point where the graph of g has a horizontal tangent line. Students were then asked to classify
each of these points as the location of a relative minimum, relative maximum, or neither, with justification.
Students should have recognized that horizontal tangent lines for g occur where the derivative of g takes on the
value 0. These values can be read from the graph. Students should have applied a sign analysis to f in order to
classify these critical points. Part (d) asked for the x-coordinates of points of inflection for the graph of g on the
interval —4 < x < 3. Students should have reasoned graphically that these occur where f changes from increasing

to decreasing, or vice versa.

Sample: 3A
Score: 9

The student earned all 9 points.

Sample: 3B
Score: 6

The student earned 6 points: 2 points in part (a), no points in part (b), 2 points in part (¢), and 2 points in part (d).
In parts (a) and (d) the student’s work is correct. In part (b) the student does not supply the correct values. In

part (c) the student correctly considers g’(x) = 0 and identifies the correct x-values. The student does not give a
correct justification for x = —1, confusing f” with g’, and does not specify which function’s slope is intended in
the justification for x = 1.

Sample: 3C
Score: 3

The student earned 3 points: no points in part (a), 2 points in part (b), 1 point in part (c), and no points in part (d).
In part (a) the student does not supply the correct values. In part (b) the student’s work is correct. In part (c) the
student considers g’(x) = 0, so the first point was earned. The student identifies only one of the x-values, so the
second point was not earned. The student is not eligible for the third point. In part (d) the student does not identify
the correct x-values.
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Question 4

The function f is defined by f(x) = V25— x* for -5 < x < 5.

(a) Find f'(x).

(b) Write an equation for the line tangent to the graph of f at x = —3.

f(x) for-5<x<-3

(c) Let g be the function defined by g(x) = {

x+7 for-3<x<5.

Is g continuous at x = —3 ? Use the definition of continuity to explain your answer.

5
(d) Find the value of IO 25 — X% dx.

@) f'(x):%(25—x2)_1/2(—2x)=ﬁ, S<x<5 2: f(x)
. 33 e

oty fize
£(-3) =250 = 4

An equation for the tangent line is y = 4 + %(x +3).

(©) lim g(x)= lim f(x)= lim v25-x* =4

x—-3" x—-3" x—-3"

lim g(x)= lirn+(x +7)=4

x—-=3t x—-3

Therefore, lim g(x) = 4.
x—-3
g(-3) = f(-3) =4
So, lim g(x) = g(-3).
x—-3

Therefore, g is continuous at x = —3.

(d) Letu=25-x> = du=-2xdx

stVZS —x dx = —lj‘o Nu du
0 2J2s

u=0
- [_1 .zus/z}

23 u=25
= _Lo_125 2125
= —3(0-125) = =3

© 2012 The College Board.
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1 : considers one-sided limits
1 : answer with explanation

2 : antiderivative
1 : answer
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T4,

4. The function f is defined by f(x) =25 - x> for -5 < x < 5.
(2) Find f(x). = (8- ¥*)”

£100 =

(b) Write an equation for the line tangent to the graph of f at.x = -3.

© 2012 The College Board.
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Do not write beyond this border.

f(x) for-5<x<-3
x+7 for-3<x<5.
Is g continuous at x = =3 ? Use the definition of continuity to explain your answer.

Jion g(_y‘r): £3) = 4

(c) Let g be the function defined by g(x) = {

(X

- / \ . -~
Y= <% theoufow  Lim 8,\ )= A
i %
Ao “fo . - S - A - X\‘_‘\"?ﬁ
Q/".ﬂﬂ ‘F"%/}/’) - 5*7 F 1
. “._ 0‘ y | ‘.vv ) |
o { / ﬂl ‘?i cly) EXVHE - and
a(3)° NS 4 %rd O ) -
- e equal o 8 &5
> & _

Ivg !S '@Qf‘ﬁ"'i NGRS at X= 35

[

5
(d) Find the value of jo 25— 22 dx.

o 75 28
L ny
! E _( Drdu s 4 (o= Law |
¢ 7 { k - 7 Y, (i = ~ 86 ——
s 2% 2 X 217 |
ne i
[ 0
L : 1 {1, &
7 du® TLX Y )
EXR
225
= “
7
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&

4. The function f is defined by f(x) = v25 - x* for 5<x<s.

(a) Find f'(x). S SN
\ 3 L TP e
AR BT G RS S
{3V 5\ s
\ P
' N - \{\
[ s —
\ H‘l
{25°F

(b) Write an equation for the line tangent to the graph of f at x = 3.

“IOpI10q STY) PUOASQ ILIM J0U O]
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f(x) for-5<x<-3
x+7 for-3<x<5.
Is g continuous at x = =3 ? Use the definition of continuity to explain your answer.

(c) Let g be the function defined by g(x) = {

Do not write beyond this border.

{ f’ r [ M
Sy ver ol 17 etnynes gt
{3_}‘% VLo T '
’ - ‘f L ¥
3+ =" N7
t ot ¢ Y i) COI“‘»'" okt .{_,5/
Ty ovafe Hor o T
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i ¢ i
5
(d) Find the value of jo 25— 5 d.
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W 22T
A
e
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\125 x* for -5<x<5.

4. The function f is defined by f(x
(a) Find f'(x).

(b) Write an equation for the line tangent to the graph of f at x = —3.
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(c) Let g be the functiop defined by g(x) = {i(jf)_/ ;Zi _2 ; i ; 5'3 |
- Is g continuous at x = =3 ? Use the definition of continuity to explain your answer.
Hye 2T
£{xy=%17
L1
No g s Aot ConEFInUIUS At X< 1,
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u-«lﬁ-xz
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Question 4

Overview

This problem presented a function f defined by f(x) = V25— x* on the interval —5 < x < 5. In part (a) students
were asked to find the derivative f’(x). This involved correctly applying the chain rule to determine the
symbolic derivative of f. Part (b) asked for an equation of the line tangent to the graph of f at the point where

x = —3. Students needed to find the derivative at this point to determine the slope of the tangent line, the y-
coordinate of the graph of f at this point, and then combine this information to provide an equation for the line.
Part (c) presented a piecewise-defined function g that is equal to f on the interval =5 < x < -3 andto x + 7 on
the interval —3 < x < 5. Students were asked to use the definition of continuity to determine whether g is
continuous at x = —3. Students should have evaluated the left-hand and right-hand limits as x approaches —3,
and observed that these are the same and equal to the function value at that point. Part (d) asked students to

5
evaluate the definite integral j() xV25 — x* dx, which can be done using the substitution u = 25 — x2.

Sample: 4A
Score: 9

The student earned all 9 points.

Sample: 4B
Score: 6

The student earned 6 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 2 points in part (d).
In parts (a) and (b) the student’s work is correct. In part (¢) the student’s work is not sufficient for any points. In
part (d) the student earned 1 of the 2 antiderivative points owing to a sign error. The student evaluates the definite
integral in a manner consistent with the sign error and earned the answer point.

Sample: 4C
Score: 3

The student earned 3 points: 2 points in part (a), 1 point in part (b), no points in part (c), and no points in part (d).
In part (a) the student’s work is correct. In part (b) the student evaluates f” incorrectly but uses this value as the

slope along with the point (-3, 4) to write an equation of the tangent line. In parts (c) and (d) the student’s work
is incorrect.

© 2012 The College Board.
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Question b

The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(z) is the weight of the

bird, in grams, at time ¢ days after it is first weighed, then

dB
dt

1
< =5(100-B).

Let y = B(¢) be the solution to the differential equation above with initial condition B(0) = 20.

(a) Is the bird gaining weight faster when it weighs 40 grams or when it
weighs 70 grams? Explain your reasoning. 100
2 2 £
(b) Find 62—5 in terms of B. Use i{—f to explain why the graph of B )
t t 5
cannot resemble the following graph. 2
(c) Use separation of variables to find y = B(¢), the particular solution to 201
the differential equation with initial condition B(0) = 20. 0
Time (days)
dB 1 dB
il = — = 1: ==
(a) 7 P (60) =12 5 uses —
1 : answer with reason
dB _ 1 _
7 o 5(30) =06
dB dB S
Because —— — , the bird is gaining
dt| p=40  dt|p=10

weight faster when it weighs 40 grams.

d’B_ _1dB _ 11 1
b _ = —— = —_—.— .= —_ = —_— —_
(b) 7 5 5 5(100 B) 25(100 B)
Therefore, the graph of B is concave down for
20 £ B < 100. A portion of the given graph is

concave up.

© 2 =1(100-B)

U s (1
flOO—BdB_det

~In|100 - B =+ C
Because 20 < B <100, |100 — B| =100 — B.

“In(100 - 20) = %(0) +C = —In(80)=C

100 — B = 80e~"/3
B(t) =100 - 80e™/°, t>0

2
: aB in terms of B
2: dr?

1 : explanation

—_

: separation of variables
: antiderivatives

: constant of integration
: uses initial condition

W
—_— e e e

: solves for B

Note: max 2/5 [1-1-0-0-0] if no constant of
integration

Note: 0/5if no separation of variables
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5. The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its

current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(z) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then

dB
dt

Let y = B(t) be the solution to the differential equation above with initial condition B(0) = 20.

= —(100 B).

(a) Is the bird gaining weight faster when it weighs 40 grams or when it weighs 70 grams? Explain your
reasoning.

b it 1S q,oqmumcw &b - ((00 "-"0) = (7/ (Miay

uhe it 1S FO qrams : —'{;% = % ((oo-3F0) = 59/‘("*’

v the bivd 1 5a?niv\5 weight fogter u-VLQV\ vt
welghs 0-0 Grams,

2 2
(b) Find d—f— m terms of B. Use %ﬁ to explain why the graph of B cannot resemble the following graph.
t

B

+ ‘
P &B
& ’? 5 ( 100t
:,?(ZO'}B) ,g
= b 3
=
20
Seb-4 7 0
B 7 (00 0 ”

Time (days) .
$0,the grawph cannot be cancave wp WJM‘QM > leelow (009
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(¢) Use separation of variables to find y = B(t), the particular solution to the differential equation with initial
condition B(0) = 20.

B _ < (109 -8)

’ ot
£ 00-B) B = g1
) - it
{oo- B 48 = '

Sﬁ a8 =0d+

-5lnlo-8] = 4 ¢
| (100-B) :»/Lf(t-t 0)
[00-B = e_j!’(**C) |
B - loo-e—j{(tﬂ)
10 =100 — ¢
e3¢ = 80
v 80
L= -Yn30

C..

Y\

1\

- { "—)l’c..

,3!— (+ - 5IndD)

B o=(op-¢

Unauthorized copying or reuse of GO ON TO THE NEXT PAGE.

any part of this page is illegal. -19-

© 2012 The College Board.
Visit the College Board on the Web: www.collegeboard.org.




Do not write beyond this border.

NO CALCULATOR ALLOWED fbt

5. The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time 7 = 0, when the bird is first weighed, its weight is 20 grams. If B(t) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then

dB _

&= (100 B).
Let y = B(t) be the solution to the differential equation above with initial condition B(0) = 20.

(a) Is the bird gaining weight faster when it weighs 40 grams or when it weighs 70 grams? Explain your
reasoning.

! - (;O “w[dM
oAb ((00-R0) s BT iy

(0520) 20 gy

) .:}0-"70_\1%.: 1
\MwA\L{ i

GO>‘§Q 2) ():k_ \NG\CA‘\“ ::’-(OS:CLW ¢ He tote C}

5 5 (..’,I/\(;(Mde, 6’5 e(( d ’NHC\SL'J !’/‘ Aaﬂ—ﬂ(‘ ’

2 2
(b) Find ‘2—23 in terms of B. Use (Z—f to explain why the graph of B cannot resemble the following graph.
1 t '
100
g
«
5
=
2
o
z
201
- 5 .
Time (days)
. \
4%, IOE aboo. - Ldb Cl Q) W rugah\a
at b ler 4o be
2 e Sraeb\ OB A 10
L \alalra C(C.w“ Q“ ‘(\( \(ﬂ,c(
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(c) Use separation of variables to find y = B(t), the particular solution to the differential equation with initial
condition B(0) = 20.

bt S

e |
loo-b

[ ((00-) ‘—Z— L

4t

2% i

| )
00 - = Ce

5(0)=20 = (0 -20 = (o . =80

-

b0

) (z,m’m(af Sclu toe //[@O -

inaithaciona —o e -
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5. The rate at which a baby bird gains weight is proportional to the dlfference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(r) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then

dB _ 1
o = 35(100-B).

Let y = B(r) be the solution to the differential equation above with initial condition B(0) =

(a) Is the bird gaining weight faster when it weighs 40 grams or when it weighs 70 grams? Explain your

reasomng
\ "\ (ﬂ() ~ [ | I
5{50 1) 3 12 gews {}JQ zc;g{‘ LU WM

o LGRS 4 pioms \CAE

.le 100~ :‘1(;) -:‘%; (.0 \.{q Q;U*‘VKQS ok MCQ Qx/“_ ‘(&JQ

J( 1S Wken s 7 0 cy{ e, S

2 2

(b) Find d;g in terms of B. Use ‘—fi—zg to explain why the graph of B cannot resemble the following graph..
1 t
A
100+
£
«
&b
=
20
]
=
20-
L0- % 0 -
. I Time (days)
P
P
G % r., - _\
Ars 5
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(¢) Use separation of variables to find y = B(t), the particular solution to the differential equation with jy;¢ia]
condition B(0) = 20.

o [k A
’L(';“:»HC> T Opo-®E
1{\( s—-l——-....._ -
- i
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. n )
}4,,,. ' i
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= 2D _L - 200
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o _ ’z:“
L= 260
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Question 5
Overview

The context of this problem is weight gain of a baby bird. At time ¢ = 0, when the bird is first weighed, its weight

is 20 grams. A function B modeling the weight of the bird satisfies CZI—Z: = %(100 — B), where ¢ is measured in

days since the bird was first weighed. Part (a) asked whether the bird is gaining weight faster when it weighs 40

grams or when it weighs 70 grams. Students had to evaluate and compare % for these two values of B. Part (b)

2
asked for c;—f in terms of B. Students should have used a sign analysis of the second derivative to explain why
t
the graph of B cannot resemble the given graph. Part (c) asked students to use separation of variables to solve the
initial value problem ‘jl—f - %(100 — B) with B(0) = 20 to find B(r).

Sample: bA
Score: 9

The student earned all 9 points. Note that in part (c) the student does not need absolute value on the fifth line because
B(0) = 20.

Sample: 5B
Score: 6

The student earned 6 points: 2 points in part (a), 1 point in part (b), and 3 points in part (c). In part (a) the
2

student’s work is correct. In part (b) the first point was not earned because the student does not present in

dr?

terms of B. The student’s correct appeal to the chain rule and correct explanation earned the second point. In
part (c) the student earned the first point with a correct separation on the second line. The second point was not
earned because the student’s antiderivative on the left-hand side on the third line is incorrect. (The antiderivative
should be —In(100 — B), with no absolute value needed.) A student who did not earn the second point is not

eligible for the fifth point. The student earned the third point on the third line and the fourth point on the fifth line
for correctly substituting 0 for ¢ and 20 for B.

Sample: bC
Score: 3

The student earned 3 points: 2 points in part (a), no points in part (b), and 1 point in part (c). In part (a) the
student’s work is correct. In part (b) the student makes a chain rule error and did not earn the first point. The
student is not eligible for the second point in part (b). In part (c) the student presents a correct separation on the
first line and earned the first point. The student’s incorrect B-antiderivative makes the student ineligible for any
additional points in part (c).
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Question 6

For 0 < ¢ <12, a particle moves along the x-axis. The velocity of the particle at time ¢ is given by

v(t) = cos(%z). The particle is at position x = -2 at time ¢ = 0.

(a) For 0 <¢ <12, when is the particle moving to the left?

(b) Write, but do not evaluate, an integral expression that gives the total distance traveled by the particle from
time ¢ = 0 to time ¢ = 6.

(c) Find the acceleration of the particle at time ¢. Is the speed of the particle increasing, decreasing, or neither at
time ¢ = 4 ? Explain your reasoning.

(d) Find the position of the particle at time ¢ = 4.

(@) v(1) = cos(%t) =0 = t=3,9 5. { 1 : considers v(¢) = 0
1 : interval
The particle is moving to the left when v(¢) < 0.
This occurs when 3 <7 < 9.
(b) L)6|v(t)| dt 1 : answer

© a(t) = —%sin(%t) (11 a(e)
" | 2 : conclusion with reason
__mg (27)_ 37
a(4) = 6sm(3)— P <0

v(4) = cos(zT”) = —% <0

The speed is increasing at time ¢ = 4, because velocity and
acceleration have the same sign.

4
(d x(4)=-2 +J cos(zt) dt 1 : antiderivative
0 6 - ..
4 3 : 4 1:uses initial condition

_ 6 . (7 .
=-2+|—=sin|~¢ 1 : answer

V4 6 /]
=-2+ é[sin (2—”) - O}

V4 3
=_2+£.£=_2+£
2 V4
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6. For 0 <t < 12, a particle moves along the x-axis. The velocity of the particle at time 7 is given by

() = cos(%t). The particle is at position x = -2 attime t = 0. (0)=-2

(a) For 0 <t <12, when is the particle moving to the left?

Cos(S9)=0 wnen x=3 %=1

+ "' {I“VA,\/LJQ\

2 9
The pastic\e 'S Movinglest o (%, a)

Z.
-

(b) Write, but do not evaluate, an integral expression that gives the total distance traveled by the particle from
time ¢ = 0 to time ¢ = 6.

D= OSL’\ cos( t\\ ’NV

Unauthorized copying or reuse of Continue problem 6 on page 21.
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(c) Find the acceleration of the parﬂcle at time 1. Is the speed of the particle increasing, decreasing, or nelther at
time ¢ = 4 7 Explain your reasoning.
T 1)

()= v D) = -Ste (R T = - TEsinl
O\Lq\:'% s\ﬁ("‘—z%:'%(%> - L

™ 1
\/(_,\&\: CoS LQ/:Q =" 2

Mg Soeed (S Nressing ‘e LU USE a(‘_t\ oo~k
viLt) Fove e Sovme Sign (Yot t=4

(d) Find the position of the particle at time t-‘; 4.
= s
w2y = Jeos(BEE o it

xL’Cﬁ"‘ Sccsud\*
iy - SaED TC

——S—_‘; S‘\(ﬁ L%t}k
%6\0 (H+C="2
==
[T~

\CL)Q\ mO\n ~r
w (W)= F Sn(E)2

. =
W)= (3) -2

(W)= ZF -2\

__ﬁ_'_____,______/"—'—""‘"'

[ = - W ~=0
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6

W) = cos(%r). The particle is at position x = —2 at time ¢ = 0. X(o ) =-7

(a) For 0 <t <12, when is the particle moving to the@

—t:o-—al 't’lo' A

(b) Write, but do not evaluate, an integral expression that gives the total distance traveled by the particle from
time ¢ = 0 to time ¢ = 6. ‘

b T ' :
Xe) = Jvitlat vept ) !
b AU=1£A$E'

//
v /
T, , /
b
| - 1A (o )J
V() [ At -
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(¢) Find the acceleration of the particle at time 1. Is the speed of the particle increasing, decreasing, or neither at
time ¢ = 4 7 Explain your reasoning.

, _ . T T 2
alt) = VI = —sin (D). T 5
ale)=-Lsin(Iy) @
. -1 2T
al4) < - m(—‘f) E—sm(;
T 3 T3] - alt) att=4
bz 12
Tr q' 21T
= 0S T — = t
v(4) = cos T cos 3 @2» )
The Porty el T Thcrepdt | ﬁo
ecauie velotity) and alcelerecfion o 0T
G = 2
have e fama (1gn. a3 307:'25
(d) Find the Pgsmon of the particle at time ¢ = 4.
X(v) - /\/[t)oLt -2
7/ sy -2
b e
T sin(ﬂ)] -9
¢
b [ A3
T é; iy -z
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6. For 0 < < 12, a particle moves along the x-axis. The velocity of the particle at time 7 is given by

v(t) = cos (%t) The particle is at position x = -2 at time ¢ = 0.

(a) For 0 < ¢ <12, when is the particle moving to the left?

et D Ui W o
3 i T T———
. \‘_\_ . . Vi 2. 0 }vf}
= ——
(e . Y
(0,1 (@,
s @

(b) Write, but do not evaluate, an integral expression that gives the total distance traveled by the particle from
time ¢ = 0 to time ¢ = 6.

v (Y
Vs AY ,‘..'_.':\‘ q 1 "J :‘ A
TR
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(c) Find the acceleration of the particle at time z. Is the speed of the particle increasing, decreasing, or neither at
time ¢ = 4 ? Explain your reasoning.

- ] AN ) ~ L
li i i abe N
r\"'{- ’t‘ ‘/J\ (A L L W \}t Ly ‘-_(_
{/ 1
~ 4 2 N N ¢ (,
N S aVE § (-\T'g‘v)§\‘ % ‘:\’ % ‘3‘;:’)‘4"@'}" &
L4 S o
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Question 6
Overview

This problem presented students with a particle in rectilinear motion during the time interval 0 < ¢ < 12. The
particle’s position at time ¢ = 0 is given, and the velocity v(¢) is provided. Part (a) asked students to determine

the times when the particle is moving to the left, which they should have done by considering the sign of the
given velocity function. In part (b) students were asked to provide an integral expression for the total distance
traveled by the particle from time ¢ = 0 to time ¢ = 6, which they should have recognized as given by the definite

integral of |v(¢)| over the given time interval. Part (c) asked for the acceleration at time 7. Students should have
recognized that the acceleration a(¢) is the derivative of the velocity function. Students should have provided a

symbolic derivative for the given velocity function, correctly using the chain rule. Students were then asked
whether the speed of the particle is increasing, decreasing, or neither at time ¢ = 4. Students should have
evaluated both the velocity and the acceleration functions at time ¢ = 4. Because v(4) < 0 and a(4) < 0, the

speed of the particle is increasing. Part (d) asked students to find the position of the particle at time ¢ = 4. This is

4
calculated using the expression x(4) = x(0) + j() v(t) dt.

Sample: 6A
Score: 9

The student earned all 9 points.

Sample: 6B
Score: 6

The student earned 6 points: no points in part (a), no points in part (b), 3 points in part (c), and 3 points in part (d).
In part (a) the student does not consider v(¢) = 0 and gives an incorrect interval. In part (b) the student subtracts

tE)

2 from the correct expression. In parts (c) and (d) the student’s work is correct. Because “the speed of the particle
is included in the question for part (c), the student’s “The particle is increasing” is acceptable.

Sample: 6C
Score: 3

The student earned 3 points: no points in part (a), 1 point in part (b), 1 point in part (c), and 1 point in part (d). In
part (a) the student does not consider v(¢) = 0 and gives an incorrect interval. In part (b) the student’s work is
correct. In part (c) the student has a correct expression for acceleration, so the first point was earned. No
additional points in part (c) were earned because the student uses an argument based on a(4) with no mention of
v(4). In part (d) the student presents an incorrect antiderivative. The student uses the incorrect antiderivative with
the initial condition and earned the second point. The student is not eligible for the answer point.
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